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Abstract— In this paper three different methods for the syn- r e m \
thesis of lead-lag compensators that meet design specifications C(s) G(s) >
on the phase margin and the gain crossover frequency are
presented. These numerical and graphical methods are based

on the choice of a degree of freedom of the regulators. These

procedures aim to satisfy an additional specification for robust Fig. 1. Unity feedback control structure.

control: the gain margin, the complementary modulus margin

or a specification on the settling time of the controlled system.

meet the phase margin and the gain crossover frequency

are presented. In Section Il three methods to meet settling
In recent years the literature shows a renewed interest ##ine, gain margin and complementary modulus margin are

the design of classical lead and lag types controllers41]-[ proposed. In Section IV numerical examples are given. The

In some cases second order lead-lag controllers, compare@mparison between the methods and the conclusions end

with the most widely used PID regulators, lead to a bettéhe paper.

tradeoff between the static accuracy, system stabilityiand T

sensibility to disturbance in frequency domain [5]. Thipga ) ) -

focuses on the design of lead-lag compensators charaderiz Consider the block diagram of the system shown in Fig. 1

by real or complex zeros and poles and by a unitary stat}’(\fhere G(s) denotes the transfer function of the LTI plant

gain. They are used to control linear time invariant (LTI)to be conFroIIed a”“?(s) dgnotes the Iead-]ag compensa?or

plants which may include the gain or the integration termf® be deggn. ancqu(s) IS ;upposed to include the gain

to meet the steady-state accuracy specifications. The form E?Pd the integration terms required to meet the steady-atate

the considered compensators has three degrees of freedBifRcy SPecifications. The considered lead-lag compensato

that can be used to satisfy three dynamical specificatiorfg'.C uglng real or complex zeros and poles has the following

Two of them are designed to meet the phase margin and tf?ém' @+ 2y5ans+ R
gain crossover frequency. These frequency specificatimns a C(s) = 1 25nst w2 1)
known to be related to the peak overshoot, the rise time h

and the bandwidth of the closed-loop system. Propertidéhere parameterg, & and w, are real and positive. The

on variations of the third freedom degree of the lead-lagynthesis of these parameters does not change the static
compensators and the controlled system are given. Sorfghavior of the controlled system, since the static gain of
methods to meet the settling time of the controlled systefa(S) is unity. The frequency respon€kjw) can be written

step response, the gain margin and the complementary mé$

I. INTRODUCTION

. PROPERTIES OFLEAD-LAG COMPENSATORS

ulus margin are proposed and compared. They are based on Cljw) = LX(‘*’), (2)
the root locus method and on the so callegersion formulae 1+7Y(w)

method, that is an extension of the modified Ziegler-Nichol#here

method, see [6] pp. 140 142. This technique has been _ 2ydwun _ 20wan

applied so far to the continuous and discrete lead and lag X(w)= w2 — w?’ Y(w)= w2 — w?’ ®)

regulators [4] and to the continuous lead-lag compensatogsI
[7] to satisfy gain margin, phase margin and crossov%(w) are positive wherw < x and negative whemw >
frequency specifications. In this paper theersion formulae '

: . The Nyquist and the Bode diagrams®©fjw) for e, =1
methgd is extended t'o ;gﬂsfy the complementary modul%snd for different values of the parametérsindy are shown
margin related to the infinity-norm of complementary sensi-

tivity function. Simulation results show the effectivenasf In Fig. 2 and 3. In particular, the Nyquist diagram@fj )

the pronosed methods. The paper is organized as foIIOV\E'a circle which intersects the real axis at point (1,0) for
brop : pap 9 'e {0,00} and at point(y, 0) for w = wy, see [8]. From this

in Section Il, the properties of lead-lag compensators th%roperty it follows thaty is the maximum (or minimum)
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Real Fig. 4. Controllable domaig on the Nyquist plane.

Fig. 2. Nyquist diagrams of functio€(jw) when wy =1, (d = 1.5,

y=1[2 : 1:7, blge Ii'nes) andyd = 1.5, y=1./[2:1:7), magenta lines).

The thick blue line is ford = 1.5 andy = 5. such thatB = C(jay) - A, that is if and only if the following
conditions hold:

Mg = Ma Mo, ¢ = ¢+ do. )

Definition 1: (Zg) Given a pointB € C, the “controllable
domain 75 of lead-lag compensator () to point B’ is
defined as follows

Magnitude diagram

Mag(db)

5= {Ae(C‘Hy,é,wn>0,3w20:C(jw)-A:B}.

The shape of regioy is shown in gray in Fig. 4. A

Definition 2: (Inversion Formulae) Given two points
A= Maei®s and B = Mgei?® of the complex planeC, the
lead-lag inversion formula¥(A,B) andY (A,B) are defined

Phase(deg)

10 10 n‘)“ 12)] 10°
Frequency [rad/s] as follows

Fig. 3. Bode diagrams of functioB(jw) whencw, =1, 6 =15, y=[2: X(AB) = M_.ﬂ,

1:7), blue lines) andyd = 1.5, y=1./[2: 1: 7, magenta lines). The thick sing

blue line is ford = 1.5 andy =5. 1 (6)

cosp — —

Y(AB) = sincpM ’

In Fig. 2, the circle%y(jw) denotes the set of all the

frequency responseS(jw) having the same parametgr \yhereM — # and¢ = ¢g — ¢a. A

A

These equations are the same inversion formulae introduced

Design Problem Find the parametery, 3 anda, of C(s) N [9] and used in [7] and [4].
in order to exactly satisfy the phase margiR specification

at a given gain crossover frequena. Property 1: (From A to B) Given a point Be C and

chosen a point A of the frequency responséj«® at

The solution of the Design Problem can be exactly obfrequencywa belonging to the controllable domaitvg,
tained using the modified Zigler-Nichols method. Chosehe., A= G(jwa) € Zg, the set s,an) of all the lead-lag
an arbitrary pointA = Mael%A on the Nyquist curve of Compensators ) that move point A to point B is obtained
plant G(s) at the frequencywy, this method tries to find from (1) using the parameters
the controller that moves this point to a suitable pdnt X(A,B) 2 2
Mgel?s where the loop gain frequency response satisfies y= —~ >0, d=Y(A B)w” A>0  (7)
the given margin specification. Using the same notations Y(AB) 2nawn
introduced in [8], letC(juy) = Moe!% denote the value of for all ¢, > 0 such thatd > 0 and with parameters ¥, B)
the frequency respons@(jw) = M(w)el*(?) at frequency ang Y(A,B) obtained using the inversion formulae (6).
wn, whereMp = M(ap) and ¢go= ¢ (w). Referring to Fig. 4,
we say thapoint A is controllable to point Bor equivalently The substitution of relations (7) in (1) yields to the folliog
thatpoint A can be moved to poin) B a valueC(jayp) exists expressiorC(s, wy) of all the compensators (1) that move the
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The Nyquist plots of the set dfi(jw,wn) passing onB and Fig. 6. The Nyquist diagrams @ (jw, w,) on variations ofwn

Fig. 5.
graphical interpretation ofG(jw).

point A to the pointB

P4+ XAB) (2 (254 o
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C(s,an) =
P+ Y—(&B) (0B — w2)s+ w?

Design specifications on the phase margip at a given
crossover frequencyu, are satisfied if pointA is chosen
such thatA = G(jwa) and pointB is chosen on the unitary

circle: B=el(™®) _|n this way all the loop gain frequency
(jw)C(jw, wn), for an € (0, wn),

responseH (jw,w,) =G
pass thought the required point B, see Fig. 5. However the
choice of the parametesy, influences heavily the close- o 107
lsoac;f;fi)/etr;c;rEﬁg@?ﬁgag?;g:g:gg £1211 dcg Mpensai(s ) Fig. 7. The Bode diagrams @(jw,w,) on variations ofa,
Property 2: All the frequency response , . .
wh € (8 w/i/) have the sarr?e par;met;and ti(f:a(:nhe shape points of th_e loop gain frequency respon_sesjcbd @h)
on the Nyquist diagram: a circle with centep€ Y3 and (jo, an)G(jw) at frequencyw = wh, see Fig. 5
radius Ry = @ (see Fig. 6). The value of parametar, The proof follows directly from Prop. 2 and from the fact
modifies the distribution of the frequenci@son the Nyquist that, for everyw, € (0, wp), it is
diagram, except for frequenaya corresponding to the point . o~ N
), which is constant and does not depend on H (] e, cn)=C(jon, an) G(j cn)=yG(jeon)-
[1l. HOwW TO CHOOSE THE DEGREE OF FREEDOMY,

Given the compensators (8), which satisfy design specifi-

1+ jX(AB . -
XA _cla. @ C _ _

cations on phase margin and gain crossover frequency, let us
consider different methods to choose the value of parameter

10

10" 10°

), for
(10)

Ca=Cljon, th
wn:

Similarly, the Bode diagrams dof(jw,w,) when w, €
(O,cn) are shown in Fig. 7: the blue highlighted points
A. Constraint on the settling timeg t

Cn(wn) denote the magnitudes and the phase3(¢io, o) at
frquencyah. Only pointQA does not change its magnitude Design Problem A: (in, wp.ts). Given the control scheme
and its phase whea varies. of Fig. 1, the transfer functiofs(s) = N(S and design spec-
Property 3: Given the loop gain frequency responséf'cat'Ons on phase margig and galn Crossover frequency
H(jw,®n) = G(jw)C(jew,@n) for a particular value@, ¢  @p, design the lead-lag compensa@fs) such that the loop
(0, an), the point b= H(jwh, @n)|ew—cw, i Hn = YG(j@n). gain frequency respong®( jw)G(jw) passes through point
Point H, can be graphically determined on the Nyquist plandp = €™ for w = w, and the step response of the closed-
as the pointyG(j@,) where function Hjw, @) intersects 100p System has its minimum settling tinge
the straight line passing through points({8s,) and 0. So, Solution A:  From Prop. 1, design specifications on
for an € (0, wn), the functionyG(jwn) is the locus of all the the phase margim, and gain crossover frequenay, are
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Fig. 8. Root locus of % w?G(s) for w? € (0,). Fig. 9. Graphical solution of Design Problem B on the Nyqpisine.

Yo(w)
exactly satisfied by the the lead-lag compensatafs @,) /\
in (8), with wa = wp, A= G(jwp) and B, = el The v Ay 2
degree of freedoray, can be used to satisfy the constraint on / \
the settling time. In this case the classical root locus drel t 1 \
contour locus methods can be used. It can be easily shown “n “e
that the set of the closed-loop characteristic equations Fig. 10. Plot of functionyy(w) versusay.

1+G(s)C(s,an) =0 (12)
—-1/Gpandy= %’ see Fig. 9. If there are no intersections
_ betweenéy  (jw) and G jw) the Design Problem has no
1+ w?G(s) =0 (12) ions. Stherwi

Gh ) solutions. Otherwise let A= {Ag,,Ag,,...} denote the set
where of intersections points of circlé.ﬁB;y(jw) with G(jw) at

- D(8)(@p+Y (A, B)S)+N(8)(wp+ X (A, B)S) frequencieswy = {wy,, wy,,...}. These points can also be

can be expressed as follows:

G(s) = . obtained numerically solving the following relation
()= (D () (s Y (A Bjp) +N(9)(s—X(A By
The settling timestcan be minimized choosing parametay Msg B
such to maximize the distance of the poles from the imaginary _ _ Mag(wy) cos( P8, — Ong () 13
axis on the root locus d&(s) whenaf € (0, w?), see Fig. 8 V= Yoloy) = Mag (@) * (13)
@a). see Fig. 8. cos( e, — ag(6)) — i,

or graphically as shown in Fig. 10.
B. Constraint on the gain margin &
Step4. For eachwy = wy,, calculated and w, as follows

Design Problem B: (¢, wp, Gm). Given the control

2_ .2
scheme of Fig. 1, the transfer functidB(s) and design 5:Yp°"n_wp’ (14)
specifications on the phase margiq, gain marginGy,, and 20hwp

gain crossover frequenay,, design a lead-lag compensator ~ —

C(s) such that the loop gain frequency respoB$ew)G(jw) o = ch‘x)é’ >)((pwp = ch:()g tpwp, (15)
passes through poir, = /™) for w = w, and passes & o & "o

through pointBg = —1/Gpm.

Solution B: The solution can be obtained graphically and
numerically as follows, see [8].
Stepl. Draw the controllable domair@gp of point B, =
el(m @) as shown in Fig. 9 and check whether the poinf. Constraint on the complementary modulus margip M
Ap = G(jwp) belongs toZg . If not the Design Problem has using loop slope adjustment

where X = X(Ag, Bg) and ¥y =Y (Ag, By) are obtained using
(6) and Ay= G(jwy). The solutions are acceptable onlydf
and w, are real and positive.

no acceptable solutions. The complementary modulus margh is equal to the
Step2. Determine the parameterspX= X(Ap,Bp), Yp = inverse of the infinity-norm of the complementary sendijivi
Y (Ap, Bp) using the inversion formulas (6). function T(s), see [11]:

Step3. Draw the circle %B;V(jw) having its diameter on G(s)C(9)

the segment defined by points, Bnd 2, where B = Mc=|T(s)llw, where T(s)= 1+G(9C()



The marginM, can be graphically determined as the inverse
of the modulusM of the constantM-circle tangent to the
open loop frequency responstjw) = G(jw)C(jw). The N /
margin M is an important performance indicator because it 1-ME_—y ;
is related to the resonance peak of the closed-loop system: Wp A, \ R
M is equal to the inverse of the resonance peak for a first- Ap \\

order type system and is equal to the static ¢&{f) over the : &
resonance peak for a zero-order type system. Let us consider
the following Design Problem proposed in [10].

s, Me ,/

Design Problem C: (@, wp, Mc). Given the control
scheme of Fig. 1, the transfer functi@{s) and design spec-
ifications on phase margi@, and gain crossover frequency
wp, design a lead-lag compensa®(s) such that the loop
gain frequency responsd(jw) = C(jw)G(jw) is tangent Fig. 11. Solution of Design Problem C.
in point B, = el(™®) at frequencyw = wy to the constant
M-circle passing on poinBp.

Solution C: Stepl. Draw the controllable domaiwg of ~in (7). The free parametan, can now be used to force the
point By = el(™+@n) as shown in Fig. 11 and check whetherIOOp gan frequency_respohBE(Jw,ah) =Cp(jw, wn)G(jw)
the point A = G(jw,) belongs to@B If not the Design to pass through poirB, with slope related to the anglg
Problem has no acceptable solutions. given in (17), see [10]. This problem can be solved using
Step2. Determine the parameters %= X(Ap,Bp), Y, = the following condition
Y (Ap,Bp) using the inversion formulas (6). ' lim / (H(j(wp+Aw),wn) —Bp) = . (19)
Step3. Calculate the complementary modulus margin M Aw—0
related to the unique constant M-circle passing ip Bing Relation (19) can be approximated choosing a point
the relation AL (wp) = G(jwp) on G(jw) at frequencyw], = wp + Aw,

= /2COS T+ () + 2, (16)  with Aw small, and moving it to poinBy, = H(j(wp,, wh) =
AL (wp)Cp(jawp, an). From (19) one obtains that

“H(jw)

and calculate the desired angie of the loop gain frequency
response Cjw)G(jw) in By, see Fig. 11, using relation / (B’ ) (A’ (wp)cp(pr, wh) — Bp)

COS@n + Cc B
Y= arCtan(Wn> ; (17) =/ (A/p( wp) (Cp(lwp,&h) AP))
where ¢=—10 1M2 is the x position of the center of the = £ (Ay (@) (Xc(wn)+iYe (@) —Xo—[Yp))=.
constant M-circlé. (20)

Step4. Chosen a point f\= G(jwy), wherewy = wp+Aw

and Aw small, calculated and a, as follows whereXc(w,) andYe(ah) are the real and the imaginary part

of Cp(jw{),wn), Xp andYp are the real and the imaginary

WP — w2 _b++vb2— 4ac part of %. Equation (20) can be rewritten as follows
0=Yp 5 =\ (18) P
k- : Ye(@h) =Yooy (21)
where Xolan) X
a = Z)lz+ az —as, where ¢/ = @ — ZA,. Equation (21) is a second order
b = p(aj_2g2)+°2"/ (‘73_201) equation in the varlablewn The solution of this equation
C = o+ wh(aaw] — dswy), provides the value ofu, given in (18). O
ap = YD+tanL,u (1 Xp),
a, = yp 2 (YDYp+tanLIl( —XpYp)), IV. NUMERICAL EXAMPLES
(Xe_Y w’ Consider the unity feedback control scheme in Figure 1,
as = ( . p) 5 whereG(s) has the following structure
X0 = Re(A/), YD—Im(A—,';), W’Zw—lA/p- 200
G5 =——. 22
The solution is acceptable only & and wy, are real and () S(s+1)(s+10) (22)
positive. Design the compensatof3,(jw,an) that meet the design

Proof: The design specifications define the position ogpecification of a phase margim, = 45° at gain crossover
points B, = el ™) and A, = G(jwp). According to Prop. frequencyw, = 2.75.
1, the compensatorSy(s, an) which move pointA, € .@gp 1. Calculatew, which minimizes the settling timg of the
to point By are obtained using the parametgrandd given  step response of the controlled system as described inDesig



Problem A. method providegll the solutions of the control problem and
2. Calculatew, to meet the gain margiG, =5 as described not only a subset of all the solutions, as it happens in [13].

in Design Problem B. The main disadvantage of this method is that not always
3. Calculate ey, to adjust the loop slope oH(jw) = an acceptable solution exists. In the third proposed method
C(jw)G(jw) as described in Design Problem C. the tangency condition ofl (jw) to the constantM-circle

) ) ) - _ . passing through poinBy at the loop crossover frequency
Solution. The given design specifications define the pointgarantees good performance of almost all the closed-loop
B=el?2% and A= G(juwp) = 24671177 € 75, see Fig. 5. gq systems. In the case of complex high-order systems,
The set of compensators (8) that move the pdinin B owever, this specification not always is sufficient to avoid
can be obtained using (6) and (7) Wil(A,B) = —0.531  ht the loop gain frequency response enters into the aunsta
andY(A,B) = —2.52. The Nyquist plot o€(jw, wh)G(jw)  Mm-circle at higher frequency. If the method has no admissible
and the Nyquist and Bode plots @(jw,an) for anh €  goution, it can be extended choosing the valuewgfthat

{0.3,0.6,0.9,1.35} are shown respectively in Fig. 5-7. satisfies the equatiod(Z(B/p((;h)pr)fl‘U) _ 0. Moreover this

1. FunctionG(s) in (12) is the following method is simple because it requires the knowledge of the
S(e) = —0.9174" —9.091s? + 1.826s> — 28.645+200  Plantin only two points.
417945 +86.31s3 + 269482 +2922s V1. CONCLUSIONS

The corresponding root contour is shown in Fig. 8, where In this paper the lead-lag compensators have been de-
the highlighted points correspond ta, = 0.1:0.1:1. The signed to exactly satisfy the phase margin and the gain

minimum settling timets = 1.72s is given foraw, = 0.3. crossover frequency specifications. The design has been
_ X(AB) _ . 1 . : . : .
2. The parametely = YAB) = 0.21 and pointBy = M = done using simple inversion formulae. The properties of

0.2€i18% gefine the circle@ (jw) (see blue circle in the obtained compensators are function of a free parameter
9

Fig. 9). Its intersections points witB(jw) are Ay, and Ay, wh. Three different procedures to meet an additional design
at frequenciesy, = 4.4 and w, = 7.76. These points can specification have been presented. Numerical examples show

be also obtained solving relation (13), see Fig. 10. the effectiveness of the proposed methods.
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